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The basic objective of this paper is exactly as specified by
its title and is succinctly executed, although the notation
employed could easily be improved. The problem is a
straightforward exercise in linear matrix algebra and trans-
formations between non-orthogonal coordinate systems.
Because the usual courses in vector and matrix algebra usu-
ally slight this problem and the relationships between parallel
and perpendicular projections in such a coordinate system, it
should prove interesting for the reader to deduce for himself
the stated results [specifically Eqs. (1-5) of the paper].

The results themselves are well known and have been de-
rived and widely used, for example, in the error analysis of
attitude-control systems (see, e.g., Ref. 1) and inertia! navi-

gation systems. In the latter type of system it is customary,
though not mandatory, to place the accelerometers and gyros
so that their sensitive axes are aligned along the (orthogonal)
navigation axes. Thus any deviations are assumed small, so
that small-angle approximations are applicable and the error
analysis is considerably simplified, the transformation ma-
trices being then of a very simple nature (see, e.g., Ref. 2).
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Numerical Solution of the Problem of Supersonic Flow
past the Lower Surface of a Delta Wing

D. A. BABAEV

WHEN supersonic flow takes place past a plane delta
whig, there is a shock wave upstream of the lower sur-

face. We shall consider cases in which this shock wave is
attached to the leading edges of the whig. In this case
the flow past the wing will be conical (with center of conicity
at the apex of the wing), and the flows past the upper and
lower surfaces will be independent. The flow past the upper
surface of the wing was investigated in Ref. 1. In the present
study we shall solve the problem of flow past the lower surface.

In conical flow all the variables which characterize the
flow are constant along lines radiating from a center of
conicity. We shall adopt a rectangular system of coordi-
nates associated with the wing, as follows: the origin is at
the apex of the wing, at the center of conicity; the Ox axis is
directed along the root chord from the apex of the wing
toward the trailing edge; the Oy axis is in the plane of the
wing, directed toward the right half-wing; the Oz axis is per-
pendicular to the plane of the wing, directed toward the lower
surface.

The position of a straight line emanating from the apex of
the wing is determined by the quantities 77 = y/x, % = z/x\
thus, all of the flow parameters will be functions of the two
variables r) and £, which may be considered as dimensionless
conical coordinates. The (77,£) plane corresponds to the

Translated from Zhurnal Vychislitel'noi Matematiki i Mate-
maticheskoi Fiziki (Journal of Computational Mathematics
and Mathematical Physics) 2, No. 6, 1086-1101 (November-
December 1962). Translated by Alexander Schwartz, New
York.

physical plane x — 1 perpendicular to the root chord of the
wing.

We introduce the entropy function

1 InK(K - 1)

u = vx/Vm v = vy/V

a = a/Vm U* =
w =

Here vx, vy, and vz are the velocity components along the
coordinate axes, Vm the velocity of the oncoming flow, a the

Fig. 1.
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velocity of sound, P the pressure, p the density, and K. the
specific heat ratio. Then the equations of motion and con-
tinuity may be written in the form

dw

bs

dw , . dw , du
'^ + «5* + ̂

At the leading edge of the wing the shock wave must satisfy
the relations

K +
2 (2a)

Fte = 7, (2b)
Here Vnco and Fn, yte, and F« are the velocity components
respectively normal and tangent to the surface of the shock
wave, before and behind it, respectively, and a* is the critical
velocity of sound.

We introduce the following notation: ai is the angle be-
tween the plane of the wing and the plane passing through
the leading edge parallel to the velocity of undisturbed flow,
e the angle between this last plane and the plane of the shock
wave; and /3 the angle between the direction of the velocity
of undisturbed flow and the leading edge.

From geometrical considerations we can obtain (see Fig. 1):

= arc tan (tana/cosx)

= arc cos(cosa-sinx)

= Foo sin/5 sine

= Fro
2(l ~ sin2/3 sin2€)

(3)

(4)

Here x is the sweepback angle of the wing at the leading edge,
and a is the angle of attack.

Taking Eq. (2b) into consideration, we find

Vn = Fnco sin/3 cose tan(e — ai) (5)

Substituting Eqs. (4) and (5) into (2b), after some trans-
formations, we obtain

1 +

M +

sin2/3 1 tan3e —

3
2 sin2/3 — 1) cotanai tan2e +

1 MJ sin2/3 j tane + cotana! = 0 (6)

For known values of Mmi a, and x> this equation deter-
mines the angle of inclination e of the shock. A similar
equation for the oblique shock in two-dimensional flow can
be written

K - I A
+ 2 Ma )

(1 + ——— Ma?) tane^z + cotana^ = 0 (7)
\ /

Here epi is the angle between the plane of the shock and the

Fig. 2.
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undisturbed velocity, whereas api is the angle of deflection of
the flow by the oblique shock.

The quantities Mm sin/3, e, and cti in Eq. (6) are, respec-
tively, Mo,, epi, and api in a plane perpendicular to the lead-
ing edge of the wing. Thus, Eq. (6) is a generalization of the
equation of an oblique shock (7) for the case of a sliding wedge.

If the value of e is known, then the velocity components
behind the shock wave near the leading edge of the delta
wing are determined by*

sin/3 cose cosx
u — cos/3 smx +

v — cos/3 cosx —

cos(e — ai)

sin/3 cose sinx
(8)cos(e — on)

w = 0
The change of entropy in passing through the shock is calcu-

lated by
1

As = s — Soo =
x(x -

In r 2 %
u + s n / s n e

- I
2x

2 /
* + l \

i
sin2/3 sin2e

K ~ l

(9)
The maximum value of e, for which a shock wave attached to
the leading edge is possible, is determined by

smemax = sin2/3 sin2/3 — 1 +

sin2/3

(10)
Formula (10) is obtained from the corresponding relations for
two-dimensional flow by replacing M^ by Mm sin/3. Elimi-
nating e, we can use (10) and (6) to determine the maximum
values of the angle of attack amax = f(Mm,x) that permits
independent flow past the two whig surfaces. These values
of cemax mark the boundaries of the region in which the
methods of the present study are applicable (Fig. 2).

1. Statement of the Problem for the Region of
Influence of the Apex of the Wing

On the side of the lower surface of the wing, uniform flow
with velocity components (8) exists near the leading edge
A (Fig. 3) between the shock wave AB, whose equation is of
the form

= tan(e — cti) sinx(cotx — 17) (11)
and the wing surface AO. The region of uniform flow is
bounded by the Mach cone BD corresponding to this flow
according to the relation

where

' The expression for v is written for the right half-wing.
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In the central region of the wing the flow is determined by
the mutual influence of the two halves of the wing. At the
point B, the point of intersection of the Mach cone BD and
the shock wave AB, the latter begins to curve:

where

%B = tan(e - ai)(cosx - TIB sinx)

a = Q[l + sin2xtan2(e - «i)] - v*

b ~ Q sinx cosx + wo
c = Q[l + cos^tan^e - on)] - U*

The strength of the shock is reduced between point B and
the plane of symmetry of the wing. The velocity compo-
nents behind the conical density jump are determined by the
following equations:

ue = <u - (J- - >n\f' vc = v- f'-R

wc = w + R (14)

Here u, v, and w are the velocity components in front of the
shock; in particular, in front of BC:

u = Gosa v = 0 w = — since

Here/ = /(??) is the equation of the shock wave,/' = df/dq:

X + 1

i -I
Wi J

where

fr)u + f'v ~ w

The change in entropy in passing through the shock wave is
determined from formula (9), where instead of Mm

2 sin2/? sin2e
we must substitute M^( coi2/co2) .

The shock wave ABC bounds the region of flow disturbed
by the presence of the wing on the side of the lower surface.
Between point B and the plane of symmetry of the wing
(rj = 0) the shape of the shock wave BC is unknown and must
be determined. The following facts are known about the
shape of BC, that is, / = f(rj) :

1) BC is tangent to AB at the point B:

— ) = — tan(e - «i) • sinx

^ =0

(15)

The latter condition results from the second equation of
(14) if we consider that vc = v = 0 for 77 = 0.

The curvature of the shock wave BC makes the flow rota-
tional in the central region of the wing. It was shown in (2)
that on the lower surface the root chord is the line of con-
vergence of the isentropic surfaces, whose equation is of the
form

= const Uf] - V

Then the lines of equal entropy in the (i?,£) plane must be of
the form shown schematically in Fig. 3. Since the shock
AB is rectilinear, it is clear that the flow will be isentropic
not only in the uniform flow region ABD but also in the re-
gion BDO which is subject to the influence of the apex of the
wing. The position of the curve BO, which separates the

rotational and irrotational portions of the flow, is unknown
and must be determined.

Thus, the boundary-value problem for the region of in-
fluence of the apex of the wing on the side of the lower sur-
face is stated in the following manner:

It is required to find the flow, that is, solve a system of
differential equations (1) in the region DBCO, having uniquely
determined the shape of the boundary of the region on the
segment BC, for the following boundary conditions.

On the surface of the wing (OD) f = 0:

w = 0 s = Si = const
In the plane of symmetry (0(7) 77 = 0:

v = 0 s = s2 = const (17)
On the Mach cone BD:

s = Si = const w — 0

and u and v are determined from Eq. (8).
On BC Eqs. (14) are satisfied.
In the region BOD:

s = Si = const

Here Si is determined by (9) and s2 by the shape of BC.
It should be noted that (3) stated the hypothesis that the

boundary of the central region between the point B and the
wing surface may be not the Mach cone BD but some shock
wave starting at point B. We shall demonstrate that the
calculations made in the present study did not support this
hypothesis.

2. Method of Calculation and Results

Reference (2) proposed a method of solving the problem of
flow past the lower surface of a delta wing. This method
solves the problem, as a first approximation, on the assump-
tion that the flow is isentropic on the side of the lower sur-
face. The solution is then made more precise by taking en-
tropy changes into consideration. Calculations made on a
high-speed computer during the present investigation indi-
cated that for large angles of attack and large Mach numbers
(a. > 5°, M > 3), when the entropy change in the stream is
considerable, it is practically impossible to obtain a first
approximation, and hence to solve the problem, by the
method proposed in (2).

In the present study the problem is solved by the method
of successive corrections to the shape of the shock wave,
resembling the method used in (1) to solve the problem of
flow past the upper wing surface.

Let some shape BC for the shock wave be known. By
specifying the shape of BC we define the values of u, v, w,
and s on it. If we require system (1) to be satisfied at the
points of the jump BC, we thereby define the values of the
derivatives of u, v, w, and s along the normal to the shock
wave. To solve system (1) within the region CBDO it is
sufficient to know the values of the desired functions on BC.
Thus, at the jump BC the boundary conditions are over-
defined. We make use of this fact to determine the shape
of the shock wave BC. For some initially specified shape
BC, using the values of the desired functions on BC, we
apply grid and steepest-descent methods to find the solution
of system (1) in the region CBDO. We then find the shape
of the jump BC more precisely in such a way that the normal
derivatives of the desired functions at the jump will assume
the same values as are obtained by the solution within the
region. After this we again solve system (1) and refine the
shape BC still further. The process is continued until the
last two shapes for the jump BC are identical.

In order to solve the problem by this method, we must
have some initially specified shape of the density jump BC
and some system of values of u, v, w, and s within CBDO,
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which will constitute the zeroth solution. The initial shape
of the shock wave is given by

A T I

- «0 I"1 - (-L \ f l B

The position of point C is determined by the value of m:

tan(e — «i)

(is)

s ' 1 + m

This equation satisfies condition (15) and has certain ad-
vantages for the choice and study of different initial shapes of
the jump: We can vary the shape BC simply by changing
the value of the constant m.

System (1) is solved by a grid method. For this purpose
region CBDO is covered by a rectangular grid. The values of
the grid intervals (h in rj and I in £) are determined by

I =
Here E(a) represents the integral part of a. By such a
choice of the interval we can make sure that the known point
B will always coincide with a node of the grid, which will
simplify a number of arithmetic operations in the vicinity
of point B. The values k\ and fe indicate the number of
grid nodes in the intervals OD and OC (to within ±1). The
values of ki and kz in our calculations were limited to 15 by
the memory capacity of our computer.

In order to solve system (1) by the grid method, we re-
placed it by its finite-difference equivalent; all the partial
derivatives appearing in the system were replaced by first
central differences, so that, for example, for point (i,k) with
77 = ih, % = kl, we have

~ /<.*-0 (19)
Then system (1), after some minor transformations, becomes

— Vt,k-i)

= Aik = 0

-i) ^Bik = 0 (20)

i,k+i — Witk-i) +

i,k+i — Ut,k-i) + Vik(Vi,k+i — Vi,k-i) +

aik
2(si,k+i — Si,k-i)] = dk = 0

[to2 — X

If we write system (20) for all N nodes of the grid, we ob-
tain a system of 4N cubic equations in 4AT unknowns uu*

Isentropic Lines Shock wave

Fig. 3 Diagram showing supersonic flow past the lower
surface of a delta wing (cross section perpendicular to the

root chord).

Vikj Wik, Sik. (For brevity we shall call this the 4N system.)
The 4AT system is solved by the method of steepest descent.
For this purpose we set up the following quadratic form for
the 4N system:

42V
; + Bik* + Cu? + Dik* (21)

The values of u, v, w, and s corresponding to the zero
minimum of $ are the solutions of the 47V system. It should
be noted that in changing from system (1) to the 4N system
we are permitting a certain amount of error caused by re-
placing the derivatives by their finite-difference expressions.
For this reason function $ may not have a strict zero mini-
mum. In that case the solution of system (1) will correspond

After replacing the boundary of the region DBCO by the
corresponding grid boundary, we calculate the initial value
of the unknown functions for all the internal and boundary
nodes of the resulting grid region. The zeroth values of
u, v, and w are given by the following equations:

u = UQQ - UD ( — } - IUQQ - UD ( — } — t*(&) ( - )\W L \W Ju»/

V = VD I — I — \ VD [ — — (22)

w = (I)'
Here UD and VD are the velocity components on AD, defined in
accordance with (8); £»• are the values of £ on BC at the
points with rj = ih, and WQO is the value of u at point 0.

The values of w (£»•)> v(&) and w(£») on BC were calculated
from (14). In our calculations the value of m was taken
equal either to 2 or to 3. Formulas (22) are satisfied by all the
boundary conditions of (17). From certain general con-
siderations we may expect that expansion flow will take
place on OD. For this reason the value of UQQ was chosen so
as to produce a pressure drop between points D and 0.
Moreover, by Eq. (16), an isentropic line BO is formed, be-
ginning at point B and separating the rotational and irro-
tational portions (BOC and BOD) of the central region.
We noted in the foregoing that the isentropic lines must pass
through point 0. Since interval h was sufficiently small, the
line BO, constructed in accordance with Eq. (16), invariably
passed through point 0, to a high degree of accuracy, in all
the cases considered when the zeroth solution was given by
Eq. (22), as well as for all successive approximations to be
discussed.

In solving the problem we determined not the value s but
the difference s = s — Si, where si is the value of s behind the
shock AB. Then s = 0 in the region ABO. In order to
calculate the values of s corresponding to the zeroth solution
in the region BOC, the initial shapes of the isentropic lines
were taken, for simplicity, to be those of straight lines pass-
ing through point 0. Then at each point (i,k) of the region
BOC the value of s is equal to its value on the shock wave
BC at its point of intersection with the straight line passing
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0 (i-i)t? Lh

Fig. 4 Refining the
shape of the pres-

sure jump.

through points (i,k) and 0. It is clear that this is strictly
true only for points lying on OC.

Equation (21) may be considered as the equation of a
hypersurface <£ in (4N +1) — dimensional space. The
given zeroth solution defines some point on this surface.
The minimum of <1> can be approached most rapidly in the
direction opposite to that of grad <£. For this purpose all
the unknown functions must be replaced, in accordance with

(23)

Here the indices n, n + 1, . . . represent the number of the
approximation, and X = const > 0. In determining the
derivatives c)3>/dtta(w), . . . it must be taken into account that
quantities Uikn, . . . appear not only in the equations

A=B=C=D=0
written for point (i, ti) but also in the equations written for
the neighboring nodes of the grid; for example, the quantity
Uikn appears not only in the equations

A ik = Bik — Cik = Dik = 0
but also in the equations

Ai+i,k — Bi+i,k = Di+i,k = 0 in the form Ui-i,*
Ai-i,k = Bi-i,k = D»-i,fc = X> in the form ui+i,k
Aitk+i = d,k+i = Si,k+i = 0 in the form ut,k-i
Aitk-i = Ci,k-i = Di)k-i = 0 in the form Ui,k+i

Before substituting values into Eqs. (23) we must calculate
the value X = Xmin corresponding to the minimum of the
function

(24)

In order to substitute the value of Xmin, beginning at X = 0,
for the values of X, increasing at some interval A, we calcu-
late the values of $n(A). The calculation is continued until
we obtain d$/dX > 0. Then by refining the interval A we
find the value Xmin (to an arbitrarily specified degree of
accuracy). From the value of Xmin, using formulas (23), we
calculate the next approximation. The calculation of the
approximations is continued until we obtain the nth approxi-
mation, for which the rate of decrease of <3>n(Xmin) as n in-
creases becomes negligible :

- 1< (25)

In our calculations the value of A was taken equal to 0.01.
The value of $W(X) varied from 0.00001 to 0.0001.

It was shown in (3) that the line BO separating the rota-
tional and irrotational portions of the flow is a singular line.
To see this, we note that, since 5 == 0 in the region BDO and

s T^ 0 in the region BCO, it follows that upon crossing BO
the normal derivatives (first or higher) of s must necessarily
be discontinuous. Then, from the equations of motion, it
follows that similar discontinuities will occur in the normal
derivatives of u, v, and w as well. For that reason, when we
calculated the derivatives of the velocities and of the entropy
function we always used values of u, v, w, and s at points lying
on only one side of the line BO. As a result, formulas (19)
became unsuitable for use in the case of points lying near the
line BO and were replaced by the corresponding one-sided
difference formulas.

We speeded up the computing process by calculating the
new position of BO after each approximation was determined
and correcting the boundary values of the velocities and
the entropy at the boundary points of the grid by using
linear interpolation (or extrapolation) between the points of
the jump BC and the nearest interior nodes of the grid.

After finding the solution for a given shape of the shock
wave BC, we make an appropriate correction in that shape.

Let / = f(rj) be the equation of the shock wave. If the
arc length along the jump is represented by <r, then for an
arbitrary quantity ̂  we have

d& = ty drj ty d%
da drf dcr d£ da

Hence

W = A/I
drj

For the sake of brevity we introduce the notation

(26)

Writing Eq. (26) for all velocities and the entropy, substi-
tuting into the equations of motion, and solving them for the
derivatives with respect to £, we obtain

- (a*f - flcoi) (ft

bw

//— J ' ̂ 7

- ft)]

(27)

v —

Here coi and co2 are calculated from the velocity values behind
the shock wave :

BI = — (vAu

Bz = — (uAu

Bz = (v — u-rf)Aw

wAw + a2As)

Bi = - { [a2rj + u(v - urj) }AU —

[a2 — v(v — Ufj)]Av + w(v —

If the system of values of u, v, w} and s defined in the region
CBDO is a solution of system (1) and the shape of the shock
BC corresponds to its true position, then on BC the values of
the normal derivatives of the desired functions determined
from the shape of the shock wave must agree with those ob-
tained by using the solution within the region. Instead of the
normal derivatives we may consider derivatives in any direc-
tion other than the tangent. For simplicity of computation,
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we shall consider the derivatives along £. Then we can re-
fine the shape of the shock wave by using the equations

(28)

Here the derivatives with respect to £ which have the sub-
script "int" are determined from the solution in the interior
of the region CBDO by numerical differentiation. We substi-
tute the expressions of (27) into the left-hand parts of Eqs.
(28), so that system (28) is replaced by

cm
+ Ur - +

We refine the shape of the shock BC, starting from the
known point B in the direction of the plane of symmetry of
the flow OC. At each point of the shock wave for which
?? = ih we have (see Fig. 4):

Substituting (30) into (29), for a known &+i we obtain
an equation for finding x*. Since the calculation is approxi-
mate, it may happen that there is no value of x* for which
Eq. (29) is strictly satisfied. Therefore in our calculations
a method similar to that used for finding Xmin was used to
determine the value of Xi for which the left-hand member of
Eq. (29) became a minimum. The condition 0 < Xi < Xi+\
also must be satisfied, that is, the shock wave from B to C
must decrease. After determining the new shape of the
shock wave, we constructed the grid boundary along BC, and
linear interpolation (or extrapolation) between the points
of BC and the nearest interior nodes of the grid was used to
transfer the boundary values of the desired functions to the
grid boundary. If, after the shape of BC has been refined,
new interior nodes appear in the region CBDO, then we
calculate the values of the desired functions for those points,
again by interpolation. After this, we again solve system
(27) for the new shape of the region CBDO and again refine
the shape of BC. The process is continued until the last
two shapes for the shock wave BC agree (to some given degree
of accuracy). The calculations show that when a solution is
obtained by this method, the various shapes of the shock

Fig. 5.
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Fig. 6 1) Initial solution; 2) final solution.
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Fig. 7 1) Initial shapes of shock; 2) final solution.
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Fig. 9 1) Numerical solution; 2) linear theory; 3) bound-
ary of central region.
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Fig. 10 1) Numerical solution; 2) linear theory;

boundary of central region.
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Fig. 11 1) Numeri-
cal solution; 2) lin-
ear theory; I) P on
AD; II) Cni', HI)
P on root chord.

Fig. 12 1) Numeri-
cal solution; 2) lin-
ear theory; I) P on
ADi II) Cm-, III)

P on root chord.

wave oscillate about the true shape, gradually approaching it
as the number of approximations increases. Figure 5 shows,
for a number of cases, the variation in the maximum distance
(in absolute value) along the £ axis between two successive
shapes of the shock wave

Am = sign(£in — &.«r-i
(0 iB)

as a function of the number n of approximations. It can be
seen for n = 11, | Aw| < 10~4.

It should be noted that if system (20) is solved by the
method of steepest descent, we may obtain, in general, not
an absolute minimum of function <£, which would correspond
to the true solution, but some relative minimum. In order
to clarify this, we specified different zeroth solutions and
different initial shapes of the density jump for the same case.
This corresponds to different initial points on the hypersur-
face 4>. In all the cases we checked, regardless of the shape
of the zeroth solution and the initial shape of the shock wave
BCj the calculation produced the same result (when P was

on the wing surface to an accuracy of 1% and the position of
the shock waves was specified to the third decimal place),
which may be taken as an indication that the true solution
was obtained. Figures 6 and 7 show examples of such checks,
indicating the distribution of the pressure coefficient along
the wing surface and the shape of the density jump EC.
Here the solid curves correspond to the results we obtained,
and the other curves to the various initial solutions.

Reference (4) stated the hypothesis that a shock wave
could occur in the vicinity of the Mach cone BD. As has
been indicated, on the true boundary of the region the re-
sulting solution must insure agreement not only between the
boundary values of the desired functions themselves but also
between their normal derivatives. Using this condition, after
finding the solution, as was done in refining the shape of the
shock BC, we determined the shape of the boundary of the
central region between point B and the wing surface. The
derivatives with respect to £ in Eq. (29) were replaced by
derivatives with respect to 77, and the boundary of the region
was constructed from the point B downward to the wing
surface. In all the cases we checked, the boundary obtained
in this manner coincided with the Mach cone BD, which is a
shock wave of zero magnitude. Thus we showed that there
is no shock wave between point B and the wing surface.

Figures 7 and 8 show, for a number of cases, the flow past
the lower wing surface obtamed by calculation. Figures 9
and 10 show the calculated pressure distribution on the lower
wing surface. It can be seen that the numerical solution
differs considerably from the data of the linear theory;
as the angle of attack and the Mach number increase, this
difference becomes greater. This can also be seen from
Figs. 11 and 12, which show the values of the pressure co-
efficient near the leading edge in the region of uniform flow
(on AD in Fig. 3) and on the root chord, as well as the normal
force coefficient for the lower wing surface, Cni>

According to the linear theory the boundary of the central
region is defined by the Mach number

vi D =
I

VM* - i
and does not depend on the angle of attack or on the sweep-
back angle %• The exact value of 77 is found from the formula

uv — - Q)
1 Q - v*

where u and v are calculated from (8).
As the sweepback angle % and the angle of attack a in-

crease, the dimensions of the central region also increase.
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This can be seen from Figs. 9, 10, and 13. According to the
linear theory, as the sweepback angle of the delta whig in-
creases, the pressure will increase near the leading edge but
will decrease at the root chord (Fig. 13). This qualitative
pressure relationship is confirmed by the exact calculations
(Figs. 13 and 14). As a result of the previously indicated
pressure variation, the lift force of the delta whig, within the
limits of the linear theory, is independent of the sweepback
angle and is equal to its value corresponding to a wing of

Reviewer's Comment

This is an interesting and significant paper, both from the
gasdynamical and computational point of view. Since the
author's solution for the upper side was published in the
USSR just prior to this paper, it appears that we finally have
an exact numerical solution for the delta wing with super-
sonic edges to place in our tiny collection of exact solutions
to the gasdynamic equations in three dimensions. Numerical
attempts at this problem and other such conical flows have
appeared sporadically for about fifteen years. Some strong
criticism has been leveled in the process. The last such
critic and extender, Bulakh, comes in for some criticism him-
self hi this paper.

The field equations used in the formulation are conven-
tional (Crocco equations plus the flow equation). The nu-
merical method used (successive solution of nonlinear central
difference equations by steepest descent from zeroth solu-
tion) is about as simple as one could reasonably ask for.
Probably the main contribution, however, is the verification
of the wave configuration. The explanation is clear, de-
tailed, and thorough enough. The method depends (prob-
ably unavoidably) on choosing a suitable zeroth approxima-
tion. The choice made appears to be simple but shrewd.
For higher Mach numbers and angles of attack, an isentropic
zeroth solution (such as the linearized solution with the levels
adjusted; this solution has all of the qualitative trends) does
not seem to yield convergence. Other workers have en-
countered the same difficulty subsequent to its proposal by
Fowell. Some initial provision for entropy variation must
be made. Within the class of zeroth solutions used, the
author demonstrates convergence for quite different initial
choices. In the case of other conical flows, one would pre-

infinite spread (x = 0). The calculations show that when
the problem is solved exactly, the normal force on the lower
wing surface still varies only slightly with the sweepback
angle %• Thus for M = 4-6 and a < 21° a variation in
X from 0 to 50° produces a decrease of only 3-4% in Cmi
(Fig. 14). This conclusion is also valid for the upper whig
surface. For the cases discussed in (1) (M = 4-6, a < 7°),
an increase in % from 0 to 60° produces a decrease of no more
than 2.5% in the coefficient of normal force on the upper
whig surface. Thus, for the cases of independent flow past
the two surfaces, the coefficient of normal force on a plane
delta whig may be considered equal to the coefficient of nor-
mal force on an infinite plate, with an accuracy sufficient for
many practical purposes.

In the plane of symmetry of the whig the shock wave on
the side of the lower wing surface assumes a position inter-
mediate to the shocks due to the corresponding circular cone
and wedge. As the sweepback angle increases, the shock
wave is displaced toward the position corresponding to the
circular cone (Fig. 15).

—Submitted March 15, 1962
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